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Introduction
Aerospace structures are generally made up of thin-walled structures such as plates and shells. Such structures often experience severe loading conditions. A certain load, referred to as critical load when applied, the structure suddenly changes its equilibrium configuration. This phenomenon is generally referred to as buckling instability. The topic is a major design consideration and has continued to be an important area of research because it represents one of the main reasons for aircraft and other structural failures. Several methodologies have been developed over the years to solve the problem. A simplified approach to calculate the ith critical load, is to consider the critical load as the load at which more than one infinitesimally adjacent equilibrium configurations exist that can be identified with the ith bifurcation point (Euler's method) [1] . In a linearized structural stability analysis, the determination of the critical load leads to a linear eigenvalues problem. The bifurcation method can be successfully used particularly for plates, when the critical equilibrium configuration shows a slight geometry change as the critical buckling load is reached. However, as explained by Leissa [2] , linearized stability analysis is meaningful, if and only if, the initial in-plane loading does not produce an out-of-plane deformation. Furthermore, there are many cases in which Euler's method may fail, in particular when thin-walled structures like shells exhibit the snap-buckling phenomenon. In such cases, the most general approach, based on the solution of the complete equilibrium and stability equations [3, 4] is preferred.
Amongst a wide class of methodologies employed to analyze the elastic stability of advanced composite structures, the dynamic stiffness method (DSM) is probably the most accurate and computationally efficient option. The DSM based on Lèvy-type closed form solution for plates [5] is indeed an exact approach to the solution procedure. Wittick [6] laid the groundwork of the DSM for plates. The basic assumption in this work is that the deformation of any component plate varies sinusoidally in the longitudinal direction. Using this assumption, a stiffness matrix may be derived that relates the amplitudes of the edge forces and moments to the corresponding edge displacements and rotations for a single component plate. For the exact DSM, this stiffness matrix is derived directly from the equations of equilibrium that describe the buckling behavior of the plate. Essentially, Wittrick [6] developed an exact stiffness matrix for a single isotropic, long flat plate subject to uniform axial compression. His analysis basically used classical plate theory (CPT). Wittrick and Curzon [7] later extended this analysis to account for the spatial phase difference between the perturbation forces and displacements which occur at the edges of the plate during buckling due to the presence of in-plane shear loading. This phase difference was accounted for by defining the magnitude of these quantities using complex quantities. Wittrick [8] then extended his analysis further to consider flat isotropic plates under any general state of stress that remains uniform in the longitudinal direction (i.e., combinations of bi-axial direct stress and in-plane shear). A method very similar to that described in [6] was also presented by Smith in [9] for the bending, buckling, and vibration of plate-beam structures. Following these developments, Williams [10] presented two computer programs, GASVIP and VIPAL to compute the natural frequencies and initial buckling stress of prismatic plate assemblies subjected to uniform longitudinal stress or uniform longitudinal compression, respectively. GASVIP was used to set up the overall stiffness matrix for the structure, and VIPAL demonstrated the use of substructuring. Next, Wittrick and Williams [11] reported on the VIPASA computer code for the buckling and vibration analyses of prismatic plate assemblies. This code allowed for analysis of isotropic or anisotropic plates using a general state of stress (including in-plane shear).
The complex stiffnesses described in [12] were incorporated in VIPASA, as well as allowances were made for eccentric connections between component plates. This code also implemented an algorithm, referred to as the Wittrick-Williams algorithm [13] for determining any buckling load for any given wavelength.
The development of this algorithm was necessary because the complex stiffnesses described above are transcendental functions of the load factor and half wavelength of the buckling modes of the structure which make a determinant plot cumbersome and unfeasible. Viswanathan and Tamekuni [14, 15] presented an exact FSM based upon CPT for the elastic stability analysis of composite stiffened structures subjected to biaxial in-plane loads. The structure was idealized as an assemblage of laminated plate elements (flat or curved) and beam elements. Tamekuni, and Baker extended this analysis in [16] considering long curved plates subject to any general state of stress, together with in-plane shear loads.
Anisotropic material properties were also allowed. This analysis utilized complex stiffnesses as described in [12] . The works described in [9, 16, 13] are more or less similar. The differences are discussed in [11] . Williams and Anderson [17] presented modifications to the eigenvalue algorithm described in [13] .
Further modifications presented in [17] allowed the buckling mode corresponding to a general loading to be represented as a series of sinusoidal modes in combination with Lagrangian multipliers to apply point constraints at any location on edges. These modifications formed the basis for the computer code VICON (VIpasa with CONstraints) described in [18] . However, the analysis capability of VICON was limited to plates analyzed using CPT. Anderson and Kennedy [19] incorporated a first order shear deformation plate theory (FSDT) into VICONOPT. A numerical approach to obtain exact plate stiffnesses that include the effects of transverse shear deformation was presented by them in [19] . It is worth noting that DSM has been extensively researched by Banerjee [20, 21, 22, 23, 24, 25] , amongst a few others for modal analysis of structures idealized by beam elements based on Euler/Bernoulli, Timoshenko and associated coupled beam theories. The current paper is partly motivated by these earlier investigations and the most important contribution made by the authors here is the inclusion of the higher order shear deformation theory (HSDT) and the use of a systematic symbolic procedure, for the first time, when developing the DS matrix for laminated composite plates for buckling analysis. This useful extension is of considerable theoretical and computational complexity as will be shown later. The research is particularly relevant when analysing thick composite plates for their buckling characteristics. It should be recognised that Reddy and co-authors [26, 27, 28] have used HSDT for composite plates in a different context without resorting to the development of the DSM. From a historical prospective HSDT, can be essentially traced back to third order plate bending theory originally proposed by Vlasov [29] in the late fifties. His theory was substantiated and extended to laminated composite plates many years later by Reddy [26] using a variational approach. This is sometimes referred to as Vlasov-Reddy theory (VRT).
Further improvements of this theory can be found in the work of Jemielita [30, 31] . Recently, for the analysis of anisotropic plates and shells, an advanced hierarchical trigonometric Ritz formulation (HTRF) based on refined variable kinematics 2D and quasi-3D plate/shell theories has been proposed by Fazzolari and Carrera for mechanical [32, 33, 34, 35, 36, 37] and multifield [38] problems. Inclusion of HSDT in the DSM framework will enable buckling analysis of plates with moderate to high thickness-to-width ratio, in an accurate and computationally efficient manner. The usefulness of HSDT becomes apparent when analysing composite structures idealized by plates, particularly of thicker dimension, because fiber reinforced composites have generally very low shear modulii. Extensive results which include validation and assessment of the effects on critical buckling load of significant parameters such as the thickness to width (or length) ratio, orthotropy ratio, number of layers, stacking sequence and boundary conditions, have been obtained, examined and discussed.
Theoretical formulation

Displacement field and governing differential equations
In the derivation that follows, the hypotheses of straightness and normality of a transverse normal after deformation are assumed to be no longer valid for the displacement field which is now considered to be a cubic function in the thickness coordinate, and hence the use of higher order shear deformation theory (HSDT). This development is in sharp contrast to earlier developments based on CPT and FSDT and no doubt a significant step forward. The deformation pattern through thickness of the plate is shown in Fig. 1 . A laminated composite plate composed of N l layers is considered in order to make the theory sufficiently general. The integer k is used as a superscript denoting the layer number which starts from the bottom of the plate. The kinematics of deformation of a transverse normal using both first order and higher order shear deformation are shown in Fig. 1 . After imposing the transverse shear stress homogeneous conditions [39, 40] at the top/bottom surface of the plate, the displacements field are given below in the usual form:
where u, v, w are the plate displacement components of the displacement vector,
3 h 2 whereas u 0 , v 0 , w 0 are the displacement components defined on the plate middle surface Ω in the directions x, y and z. The principle of minimum potential energy is now applied. The variational statement at multilayer level is:
where Π k is the total potential energy for the kth layer of the composite plate. The first variation can be expressed as:
where δU k is the virtual potential strain energy, δV k is the virtual potential energy due to external loadings, and assume the following form:
the stresses, σ and the strains, ε vectors are expressed as follows: 
The subscript T signifies an array transposition and δ the variational operator. Constitutive and geometrical relationships are defined respectively as: δu0 : A11 u0,xx + A12 v0,yx + A16 (u0,yx + v0,xx) + B11 φx,xx + B12 φy,yx + B16 (φx,yx + φy,xx) + E11 c2 φx,xx + E11 c2 w0,xxx + E12 c2 φy,yx + E12 c2 w0,yyx + E16 c2 φx,yx + E16 c2 φy,xx + 2 E16 c2 w0,xyx + A16 u0,xy + A26 v0,yy + A66 (u0,yy + v0,xy) + B16 φx,xy + B26 φy,yy + B66 (φx,yy + φy,xy) + E12 c2 (φx,xy + w0,xxy) + E26 c2 (φy,yy + w0,yyy) + E66 c2 (φx,yy + φy,xy + 2 w0,xyy) = 0 δv0 : A16 u0,xx + A26 v0,yx + A66 (u0,yx + v0,xx) + B16 φx,xx + B26 φy,yx + B66 (φx,yx + φy,xx) + E16 c2 φx,xx + E16 c2 w0,xxx + E26 c2 φy,yx + E26 c2 w0,yyx + E66 c2 φx,yx + E66 c2 φy,xx + 2 E66 c2 w0,xyx + A12 u0,xy + A22 v0,yy + A26 (u0,yy + v0,xy) + B12 φx,xy + B22 φy,yy + B26 (φx,yy + φy,xy) + E12 c2 (φx,xy + w0,xxy)
+ E22 c2 (φy,yy + w0,yyy) + E26 c2 (φx,yy + φy,xy + 2 w0,xyy) = 0 δw0 : A44 (φy,y + w0,yy) + A45 (φx,y + w0,xy) + D44 c1 (φy,y + w0,yy) + D45 c1 (φx,y + w0,xy)
+ A45 (φy,x + w0,xy) + A55 (φx,x + w0,xx) + D45 c1 (φy,x + w0,xy) + D55 c1 (φx,x + w0,xx)
+ D44 c1 (φy,y + w0,yy) + D45 c1 (φx,y + w0,xy) + F44 c
where the suffix after the comma denotes the partial derivative with respect to that variable and
are laminate stiffnesses and rotatory inertial terms, respectively with i and j varying form 1 to 6. The in-plane loadings can be defined asÑ x0 = λ N x0 andÑ y0 = λ N y0 , where N x0 , N y0 are the initial in-plane loadings and λ is a scalar load factor, c 1 has already been defined (see Eq. (1)) and c 2 = − 4 h 2 .
Dynamic stiffness formulation
Once the equations of motion and the natural boundary conditions, i.e., Eqs. (9) and (10) above are obtained, the classical method to carry out an exact buckling analysis of a plate consists of (i) solving the system of differential equations in Navier or Lèvy-type closed form in an exact manner, (ii) applying particular boundary conditions on the edges and finally (iii) obtaining the stability equation by eliminating the integration constants [41, 42, 43, 44] . This method, although extremely useful for analysing an individual plate, it lacks generality and cannot be easily applied to complex structures assembled from plates for which researchers usually resort to approximate methods such as the FEM. In this respect, the dynamic stiffness method (DSM), which is, in many ways, analogous to FEM has no such limitations and importantly it always retains the exactness of the solution even when applied to complex structures. This is because once the dynamic stiffness matrix of a structural element is obtained from the exact solution of the governing differential equations and it can be offset and/or rotated and assembled in a global DS matrix in the same way as the FEM. This global DS matrix thus contains implicitly all the exact critical buckling loads of the structure which can be computed by using the well established algorithm of Wittrick-Williams [13] .
A general procedure to develop the dynamic stiffness matrix of a structural element is generally summarized as follows:
(i) Seek a closed form analytical solution of the governing differential equations of the structural element.
(ii) Apply a number of general boundary conditions in algebraic forms that are equal to twice the number of integration constants; these are usually nodal displacements and forces.
(iii) Eliminate the integration constants by relating the amplitudes of the harmonically varying nodal forces to those of the corresponding displacements which essentially generates the dynamic stiffness matrix, providing the force-displacement relationship at the nodes of the structural element.
Referring to the equations of motion Eqs. (9), an exact solution can be found in Lèvy's form for symmetric, cross ply laminates. For such laminates B = E = 0, andC
and the out-of-plane displacements are uncoupled from the in-plane ones.
Lèvy-type closed form exact solution and DS formulation
The solution of Eqs. (9) related to the out-of-plane displacements is sought as:
Φy m (x) e iωt cos(α y) (12) where ω is the unknown circular or angular frequency, α = m π L and m = 1, 2, . . . , ∞. Equation (12) is the so-called Lèvy's solution which assumes that two opposite sides of the plate are simply supported (S-S), i.e. w = φ x = 0 at y = 0 and y = L. Substituting Eq. (12) into Eqs. (9) a set of three ordinary differential equations is derived which can be written in matrix form as follows:
where L ij (i, j = 1, 2, 3) are differential operators and given by:
where
. Expanding the determinant of the matrix in Eq. (13) the following differential equation is obtained:
Using a trial solution e λ in Eq. (15) yields the following auxiliary equation:
Substituting µ = λ 2 , the 8 th order polynomial of Eq. (17) can be reduced to a quartic as:
the four roots for the quartic equation are given by:
The explicit form of the polynomials coefficients a j (j = 1, 2, 3, 4, 5) are given in Appendix B. Some pair or pairs of complex roots may occur when computing µ j (j = 1, 2, 3, 4), but the amplitude of the displacements W m (x) , Φ xm (x) , Φ ym (x) are all real, whilst the associated coefficients can be complex.
As complex roots always occur in conjugate pairs, the associated coefficients will also occur as conjugates.
The solution of the system of ordinary differential equations in Eq. (13) can thus be written as:
, are three sets of integration constants. The sets of constants are not all independent. Only one set of eight constants are needed to relate each set. Constants B 1 − B 8 are chosen to be the independent base. By substituting Eqs. (21) into (13) the following relationships are obtained using symbolic computation:
with i = 1, 2, 3, 4. The procedure leading to Eqs. (22) and (23) 
The expressions for forces and moments can also be found in the same way by substituting Eqs. (24) into Eqs. (10) and using symbolic computation. In this way 
At this point, zero boundary conditions are generally used to eliminate the constants when using the classical method which establishes the stability equation for a single individual plate. By contrast, the development of the dynamic stiffness matrix entails imposition of general boundary conditions in algebraic form and widens the possibility of the analysis of multi-plate systems. In order to develop the dynamic stiffness matrix, the following boundary conditions are applied next.
By substituting Eq. (26) into Eq.(24), the following matrix relations for the displacements are obtained: 
Equations (34) and (27) can be written as
By applying the same procedure for forces and moments, i.e. substituting Eq. (26) into Eq.(25) the following matrix relations are obtained: 
Equation (29) can be written as
By eliminating the constants vector C form Eqs. (28) and (31) the dynamic stiffness matrix is formulated as follows:
or more explicitly 
Finally the dynamic stiffness matrix related to the force and displacement vectors can be written as 
which in compact matrix form:
The above dynamic stiffness matrix will now be used in conjunction with the Wittrick-Williams algorithm
[13] to analyze composite simple and stiffened plates for their buckling behavior based on HSDT. Explicit expressions for each element of the DS matrix were obtained via symbolic computation, but they are far too extensive and voluminous to report here. The correctness of these expressions was further checked by implementing them in a MATLAB program and carrying out a wide rage of numerical simulations.
Assembly procedure, boundary conditions and similarities with FEM
Once the DS matrix of a laminate element has been developed, it can be rotated and/or offset if required and thus can be assembled to form the global DS matrix of the final structure. The assembly procedure is schematically shown in Fig. 2 which is similar to that of FEM. Although like the FEM, a mesh is required in the DSM, it should be noted that unlike the former, the latter is not mesh dependent in the sense that additional elements are required only when there is a change in the geometry of the structure. A single DS laminate element is enough to compute any number of its buckling loads to any desired accuracy, which, of course, is impossible in the FEM. However, for the type of structures under consideration DS plate elements do not have point nodes, but have line nodes instead. Also no change in the geometry along longitudinal direction is admitted. This assumption is in addition to the assumed simple support boundary conditions on two opposite sides. The other two sides of the plate can have any boundary conditions. The application of the boundary conditions of the global dynamic stiffness matrix involves the use of the so-called penalty method. This consists of adding a large stiffness to the appropriate position on the leading diagonal term which corresponds to the degree of freedom of the node that needs to be suppressed. It is thus possible to apply free, simple support and clamped boundary conditions on the structure by penalizing the appropriate degrees of freedom. Note that in accordance with the notation and sign convention used in Fig. 2 for simple support boundary condition V , W and Φ y have to be penalized whereas for clamped boundary condition U , V , W , Φ y , Φ x , W, x have to be penalized. Clearly for the free-edge boundary condition no penalty will be applied. Because of the similarities between DSM and FEM, DS elements can be implemented in FEM codes and thus the accuracy of results can be increased substantially.
Application of the Wittrick-Williams Algorithm
In order to compute the critical buckling loads of a structure by using the DSM, an efficient way to solve the eigen-problem is to apply the Wittrick and Williams algorithm [13] which has featured in literally hundreds of papers. For the sake of completeness the procedure is briefly summarized as follows.
First the global dynamic stiffness matrix of the final structure K * is computed for an arbitrarily chosen trial critical buckling load λ * . Next, by applying the usual form of Gauss elimination the global stiffness matrix, is transformed into its upper triangular K * △ form. The number of negative terms on the leading diagonal of K * △ is now defined as the sign count s(K * ) which forms the fundamental basis of the algorithm. In its simplest form, the algorithm states that j, the number of critical buckling loads (λ) of a structures that lie below an arbitrarily chosen trial buckling load (λ * ) is given by:
where j 0 is the number of critical buckling loads of all single strip elements within the structure which are still lower than the trial buckling load (λ * ) when their opposite sides are fully clamped. It is necessary to account for this clamped-clamped critical buckling loads because exact buckling analysis using DSM allows an infinity number of critical buckling loads to be accounted for when all the nodes of the structures are fully clamped.(i.e. in the overall formulation K δ = 0, these critical buckling loads correspond to δ = 0 modes.) Thus j 0 is an integral part of the algorithm and is not a peripheral issue. However, j 0 is usually zero and the dominant term of the algorithm is the sign-count s(K * ) of Eq. (36) . One way of avoiding the computation of troublesome j 0 is to split the structure into sufficient number of elements so that the clamped-clamped buckling loads of an individual element in the structure are never exceeded.
Once s(K * ) and j 0 of Eq. (36) are known, any suitable method, for example, bi-section technique can be devised to bracket any critical buckling load within any desired accuracy. The mode shapes are routinely computed by using the standard eigen-solution procedure in which the global dynamic stiffness matrix is computed at the critical buckling load and the force vector is set to zero whilst deleting one row of the DS matrix and giving one of the nodal displacement component an arbitrarily chosen value and determining the rest of the displacements in terms of the chosen one.
Results ans Discussion
A preliminary validation of the critical buckling load analysis for moderately thick (a/h = 10) simplysupported cross-ply square plates uniaxially loaded in the x direction is carried out and the results are shown in Table 1 for different orthotropy ratos. The dimensionless critical buckling load, obtained using HSDT within the framework of the DSM are in excellent agreement when compared with the 3D elasticity solution and the results also lead to the same findings of the classical Lèvy-type closed form solution.
Note that for all practical purpose, it is only the first buckling load that matters. Therefore only the first critical loads is presented in this paper. As expected the percentage error, with respect to the 3D elasticity solution, increases when increasing the orthotropic ratio. In Table 2 the dimensionless critical buckling load for the same case study of Table 1 is computed but taking into account the effects of the lengthto-thickness and orthotropy ratios and boundary conditions (see Fig. 3 ). At a fixed length-to-thickness ratio, the dimensionless critical buckling load increases when increasing the orthotropic ratio for all the considered boundary conditions. A similar behavior can be observed when varying the length-to-thickness ratio but by fixing the orthotropic ratio. Understandably, the largest dimensionless critical buckling load is given by the boundary condition S-C-S-C and the lowest by S-F-S-F. In Table 3 the results are given for composite plates that are uniaxially loaded in the y direction, instead of the x direction for different values of length-to-thickness and orthotropy ratios. The dimensionless critical buckling load is generally lower for all the boundary conditions but for for the case with one or two sides free, namely, S-S-S-F and S-F-S-F, it decreases significantly. The biaxial compression effect is examined and the results in Table   4 show as expected, a notable reduction in the critical buckling load, with respect to the uniaxial load considered along x and y axes, respectively. In Table 5 , results for moderately thick plate (a/h=10) with the effect of the in-plane ratio (L/b) are presented for different values of orthotropy ratio. As can be seen from this table, the critical buckling load decreases when increasing the in-plane ratio, independently for all boundary conditions.
Buckling analysis of cross-ply composite stiffened plates
A particular feature of the DSM is that it allows the buckling analysis of stiffened plates in an exact sense. Two different stiffened composite plate configurations shown in Fig. 5 and In addition to the above stiffened panels, a simple uniform panel of thickness 0.002 m and with the same of the dimensions has also been analyzed for comparative purposes. In Fig. 7 the dimensionless critical buckling load for different boundary conditions are shown against the length-to-thickness ratio for the two stiffened composite plates alongside the results of the simple panel of uniform thickness. The panels were loaded in the x direction. As can be seen from the figure, the introduction of the stiffeners increases the buckling loads very considerably, particularly for thin composite plates. On the contrary, when thick composite plates are analyzed the increase is not so prominent. Clearly, the results are dependent on the applied boundary conditions. Indeed, in the case of S-S-S-S boundary condition the use of stiffeners increases the critical buckling load for both of the stiffened plate configurations. By contrast, using a S-C-S-C boundary condition does not affect the critical buckling load so significantly. It is interesting to note that the relative advantages of using the first or the second stiffened composite plate configurations depend on the applied boundary conditions, although the differences in the dimensionless buckling loads between the two configurations are sometimes rather small. In particular, when applying S-S-S-S, S-S-S-C and S-C-S-C boundary conditions, the first stiffened composite plate configuration leads to higher buckling load. Whilst, applying S-S-S-F, S-F-S-F and S-C-S-F the highest buckling loads are reached with the second stiffened panel configuration. Finally in Figs. 8-10 the representative mode shapes corresponding to simple composite plates, first and second configurations of stiffened composite plates are respectively shown. When presenting modes, square symmetric cross-ply plates made of five layers and uniaxially loaded along the y direction are considered. It is now possible to provide an overview of how the mode shapes change when changing the geometrical characteristics of the composite plate assemblies. It should be noted that the mode shape of a S-S-S-S simple composite plate of uniform thickness related to its critical buckling load is made up of two half-waves in the x direction and one in the y direction. On the contrary, in either of the two stiffened composite plates the mode shape is characterized by only one half-wave in both direction x and y. Other changes in the mode shapes related to different boundary conditions can be observed in the same figures. The results are particularly useful when controlling the mode shapes which generally have significant impact on response.
Concluding Remarks
An exact dynamic stiffness theory for composite plate elements using higher order shear deformation theory is developed for the first time using the principle of minimum potential energy and symbolic algebra to carry out buckling analysis in an exact sense. The theory is implemented in a computer program to carry out buckling analysis of complex composite structures modelled as plate assemblies.
The proposed theory is a significant refinement over other dynamic stiffness theories using classical plate theory and/or first order shear deformation theory. The developed DSM model is particularly useful when analyzing thick composite plates with moderate to high orthotropic ratios for which the FEM may become unreliable. A detailed parametric study has been carried out by varying significant plate parameters and boundary conditions. The results have been critically examined and the theory has been assessed using existing theories. Two different stepped composite plate configurations have been analyzed for their stability behavior. Based on the computed results the following conclusions can be drawn:
• The exact HSDT plate element has been shown to be extremely accurate in terms of results and computational efficiency when carrying out buckling analysis of composite plate assemblies.
• The exact HSDT plate element provides a significant refinement over to the FSDT element particularly when thick plate with a high orthotropy ratio are analyzed.
• The boundary conditions affect conspicuously the buckling modes.
• Stiffeners, if properly introduced increase the buckling load considerably.
• The buckling load of stiffened composite plates change prominently with respect to the simple composite plate depending on the stiffeners position and on the applied boundary conditions.
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Appendix A. Laminate Geometric and Constitutive Equations
The geometric relation for a lamina in the local or lamina reference system can be written as: where theC ij are expressed in terms of stiffness coefficients C ij , as: where E 1 is the elastic modulus in the fibre direction, E 2 the elastic modulus in perpendicular to the fibre, ν 12 and ν 21 = ν 12 E 2 /E 1 the Poisson's ratios, G 12 = G 13 and G 23 the shear modulus of each single orthotropic lamina. If the lamina is placed at an angle θ in the laminate or global reference system, the equation need to be transformed as follows: that in compact form can be written for each k-th lamina as:
